Abstract -We consider the hp-version of the discontinuous Galerkin finite element approximation of boundary value problems for the biharmonic equation. Our main concern is the a priori error analysis of the method, based on a nonsymmetric bilinear form with interior discontinuity penalization terms. We establish an a priori error bound for the method which is of optimal order with respect to the mesh size h , and nearly optimal with respect to the degree p of the polynomial approximation. For analytic solutions, the method exhibits an exponential rate of convergence under prefinement. These results are shown in the DG-norm for a general shape regular family of partitions consisting of d-dimensional parallelepipeds. The theoretical results are confirmed by numerical experiments. The method has also been tested on several practical problems of thin-plate-bending theory and has been shown to be competitive in accuracy with existing algorithms.
Introduction
Fourth-order elliptic problems arise in various models of computational mechanics such as the Bernoulli-Euler beam and the Poisson-Kirchhoff thin plate theories [17] . Conforming and nonconforming finite element methods (see [7, 8] and references therein) and mixed finite element methods ( [12] [13] [14] and [6] ) were established in the past as standard approaches for solving fourth-order elliptic equations.
In the last few years several authors have introduced various Discontinuous Galerkin Finite Element Methods (DGFEMs) for second-order elliptic problems (cf. [2] for a detailed study and a unified analysis of DGFEMs for second-order elliptic problems). These methods admit discontinuity of numerical solution at element interfaces and permit the handling of (possibly different) high order polynomial approximation in each element without any additional effort. Moreover, DGFEMs permit an easy treatment of nonhomogeneous boundary conditions because they impose these conditions weakly instead of building into the finite element space. DGFEMs are highly local methods and therefore are very suitable for h − p adaptivity and for use in nonconforming meshes. A variety of other advantages of DG methods for elliptic equations have arisen in some particular types of problems such as, for example, convection dominated problems.
As a nonstandard approach, interior penalty finite element methods for fourth-order partial differential equations were proposed in [9] and in [4] . These methods used classical conforming continuous finite element spaces with penalization of derivative discontinuities at interelement interfaces, which simplifies the theoretical analysis of convergence rates.
Recently these ideas were developed in [10] , where a new finite element method, which combines concepts from the Continuous Galerkin method, the Discontinuous Galerkin method and stabilization, was presented for fourth-order elliptic partial differential equations and applied to thin bending theory problems in structural mechanics. The methods developed in this work are based on the Symmetric Interior Penalty Galerkin method whose convergence depends on the choice of stabilization parameters; the correct selection of these stabilization parameters is not a trivial task. Let us note also that the symmetric formulation generates a symmetric stiffness matrix which is positively defined only for sufficiently large values of stabilization parameters. But the condition number increases for large values of stabilization parameters and therefore this can severely degrade the performance of iterative methods used for solving the linear system.
The purpose of this paper is to extend, to fourth-order elliptic equations, the hp-version of the Nonsymmetric Interior Penalty Galerkin Method [16] . This method is insensitive to the choice of the stabilization parameters and exhibits exponential convergence when the solution is a real analytic function. We develop the a priori error analysis of the method and confirm numerically the theoretically predicted convergence rates for clamped square-shaped plates.
Model problem and finite element spaces
Suppose that Ω is a bounded polygonal domain in R d with a boundary ∂Ω. Let us consider the following boundary value problem: find u ∈ H
4
(Ω) such that
If Ω ⊂ R
2
, then this boundary value problem for a biharmonic equation with homogeneous boundary conditions (i.e., with g 0 = g 1 = 0) describes the small deflections of the thin clamped plate Ω under the external load f .
Let us consider the family of shape-regular partitions {K h } h>0 (cf. Remark 2.2, p.114, in [5] ).
Here for K ∈ K h we define a piecewise constant mesh function
. We will suppose further that each K ∈ K is an affine image of the master element K, that is
Let E be the set of all open (d − 1) -dimensional faces of all elements K ∈ K. We also define a piecewise constant face function on E: h E (x) = h e = diam (e) , x ∈ e for any e ∈ E.
Let us note that for a shape-regular family there exists a positive constant c (shape regularity constant), independent of h, such that for any K ∈ h>0 K h and for any e ∈ ∂K we have ch K h e h K , so for any element K of partition, h K and h e are equal within a constant.
For nonnegative integers m we denote by Q m K the set of all tensor-product polynomials of degree m in each coordinate direction. Then to each K ∈ K we assign a nonnegative integer p K (local polynomial degree) and a nonnegative integer s K (local Sobolev space index). Collecting the p K , s K and
respectively, we can introduce the finite element space
Moreover, we can define the broken Sobolev space for the subdivision K:
with the broken Sobolev norm and seminorm
Let us introduce the set E int of all interior faces E int = {e ∈ E : e ⊂ Ω} and the set E ∂ of all boundary faces E ∂ = {e ∈ E : e ⊂ ∂Ω} .
For a nonnegative integer m we define {p
∀x ∈ e, where e ∈ E int and elements K and K share the interface e. For e ∈ E ∂ we will extend this definition as {p
Weak formulation on discontinuous spaces
Let us now proceed with the weak formulation derivation of the boundary value problem (1) -(3) for a biharmonic equation. We will suppose in what follows that the solution u to the problem is a sufficiently smooth function, that is that u ∈ H
4
(Ω) is the strong solution. For each face e ∈ E int indices i and j exist such that i > j and elements K i and K j share the interface e. Let us define the (element-numbering-dependent) jump across e and the mean value of u ∈ H 1 (Ω, K) on e by [u] e = u| ∂K i ∩e − u| ∂K j ∩e and {u} e = 0.5 u| ∂K i ∩e + u| ∂K j ∩e respectively.
For convenience we extend the definition of the jump and the mean value to a face e ∈ E ∂ :[u] e = u| e and {u} e = 0.5u| e .
For each face e ∈ E int we associate the unit normal vector ν = η K i to e directed from K i to K j and for each e ∈ E ∂ ∩ ∂K, we associate the external unit normal vector ν = η K .
Using the integration by parts formula over some element K ∈ K, for any function
If we sum equation (4) for all K ∈ K, use some standard manipulations decomposing fluxes at each face e ∈ E and use the extended definition of the jump and the mean value, we deduce the generalized integration by parts formula
Let us introduce the bilinear form
Here α, β 0 are called the discontinuity-penalization parameters and are defined by α| e = α e , β| e = β e ∀e ∈ E int , where the nonnegative constants α e and β e depend on the discretization parameters and will be specified later.
If we consider the linear functional
then a general discontinuous weak formulation of the boundary value problem for biharmonic equation reads: find u ∈ H
(Ω, K) such that
Lemma 3.1. Let u ∈ H
(Ω) be the strong solution to the boundary value problem (1) - (3) . Then u is the solution to the discontinuous weak formulation of problem (9) .
Proof. Using formula (4) and expressions (5) - (8) (Ω, K) we have that
Since for the strong solution u one has
it is easy to see that any strong solution to the boundary value problem is a weak discontinuous solution of (9).
DGFEM formulation
We can now associate the Discontinuous Galerkin Finite Element Method (DGFEM) with the weak discontinuous formulation considered above:
In order that (10) be meaningful we shall assume that p k 3 ∀ K ∈ K. Also we shall suppose throughout that u is the strong solution to the boundary value problem to ensure that u is a solution to (9) and therefore to (10) . Consequently the Galerkin orthogonality property
It is clear that |•| DG is really a norm in the space u ∈ H
4
(Ω, K). Indeed, if we suppose that |u| DG = 0 for some u ∈ S p (Ω, K, F), then from (11) we have 
Conditions (12) - (14) mean that u ∈ H
2
(Ω) and that u is a solution to the homogeneous Dirichlet problem for the Laplace equation, which implicates that u = 0. Proof. As it is easy to see from (5), (6)
that is B (u, v) is a coercitive bilinear form in the finite dimensional space S p (Ω, K, F) and therefore problem (10) has a unique solution in this space.
Error estimation
Let us denote by Π p some projector in u ∈ H 4 (Ω, K) onto the finite element space S p (Ω, K, F). We may then decompose the global error u − u DG as
Lemma 5.
Let K be a shape-regular subdivision of Ω and let us assume that α > 0, β > 0 on Γ. Then there exists a positive constant C , that depends only on the dimension d and the shape regularity constant, such that the following inequality holds
where
Proof. Using the Galerkin orthogonality property, we deduce that
so, to demonstrate (16) , it is sufficient to prove that
We start noting that
Then, we have that
To evaluate these terms we use the inverse inequalities
with the constant C which depends only on the shape-regularity constant (see Theorem 4.76 in [15] ). Let us consider, for example, the third term
.
To evaluate the second norm, let us consider some face e ∈ E int and let K and K be the elements sharing the interface e. Then we have
Using the inverse inequalities (18), we obtain
Therefore we get
Similarly, we can estimate all the rest of the terms. Collecting these bounds gives the desired result.
Let us start the a priori error analysis of the hp-DGFEM (10) with some supplementary results from the approximation theory for the finite element space S p (Ω, K, F).
, and C is a constant dependent only on the space dimension d, the shape-regularity constant c 1 , the constant ρ from (20) and t = max
Proof. Let us note that comparing the expressions for norms (11) and (17), we can write
Consequently, we have to estimate each of the terms in the right-hand side of (17) . For the first one, using inequality (19) with q = 2, we get
For some face e ∈ E ∂ let K be the elements such that e ⊂ ∂K and for some face e ∈ E int let us designate K and K the elements sharing the interface e. Then, for the second term we can write
In order to deal with terms from this inequality we apply the multiplicative trace inequality and use (19) with q = 3, 4 to deduce
So we have
Analogously we deduce that
and
hence (21) is proved.
Numerical experiments
In this section we present some numerical experiments to confirm the a priori error estimate stated in Theorem 5.1. We consider a square plate Ω = (0, 1) 2 with all edges built in (clamped plate) and with different loading conditions. The boundary conditions for a clamped plate are given by the homogeneous boundary conditions (2), (3) Fig. 1(a) presents the convergence behavior of the (broken) energy norm of the DGFEM error with the mesh function h for 2 p 7 on uniform square meshes. We are using the energy norm rather than the DG-norm for consistency reasons, because this first norm does not depend on the size of the discontinuity-penalization parameters. We observe that a convergence rate of the order of O (h p−1 ) is achieved, and that this convergence rate is optimal because for this uniformly elliptic problem the energy norm is equivalent to the broken H 2 -norm. It is worth noting that although the method was formulated and a convergence in the energy norm was proved for p 3, we observe an optimal convergence of the DGFEM in the energy norm for p = 2.
In Fig. 1(b) we investigate the convergence of the DGFEM under p-refinement for fixed h. On a linear-log scale, the figure shows the robust exponential convergence of the method on uniform square meshes. Example 6.2. Here we consider two practical examples from the theory of elasticity, more exactly, the problem of deflection of a clamped plate which is uniformly loaded (f (x, y) = 1) and a plate under the action of a concentrated central load f (x, y) = δ x − 1 2 , y − 1 2 . We are interested in the convergence behavior of the center point deflection for successively refined meshes (h-convergence) and for a successively increased order of polynomial approximation (p-convergence ). We have calculated the value of the exact solution for plates under uniform and central loads as u exact [1] . In Table 1 and Table 2 we present the values of approximate solution u DG from the DGFEM and the corresponding values of the relative error for h and p convergence, respectively. One can see from Table 1 , that even for cubic elements the approximation is quite accurate and converges rapidly to the exact solution. It is interesting to note that the convergence of the numerical solution corresponding to central load is not as good as that for uniform load due to the less regularity of the solution caused by the singularity of the load function. As one can see from Table 2 , the method demonstrates fast p-convergence even for coarse meshes, and again the convergence is slower for the central loaded plate.
